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Molecular Dynamics Simulation of Piston-Driven
Shock Wave in Hard Sphere Gas
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Molecular dynamics simulation is used to study the piston-driven shock wave at Mach numbers 1.5, 3, and 10.
A shock tube, whose shape is a circular cylinder, is � lled with hard sphere molecules having a Maxwellian thermal
velocity distributionand zero mean velocity.The piston moves, and a shock wave is generated. The work is intended
as an important test case of the application of molecular dynamics in � uid mechanical problems in a manner that
avoids imposing statistical boundary conditions. Therefore, all collisions are treated as elastic, including those
between the molecules and the computational boundaries, so that the shock development is entirely causal. The
propagation and structure of the shock is examined in detail, and the wave speed; pro� les of density, velocity,
and temperature; and shock thickness are determined. The results are compared with published results of other
methods, especially the direct simulation Monte Carlo (DSMC) method. Property pro� les are similar to those
generated by DSMC. Shock thicknesses are smaller than DSMC results but larger than those of the other methods.

Nomenclature
a = speed of sound
c = thermal component of velocity
cmp = most probable speed
D = diameter of the computational region
d = diameter of a particle
E = thermal energy
Kn = Knudsen number, ¸=D
k = Boltzmann constant
L = length of the computational region
M = Mach number
m = mass of a particle
N = total number of particles in the simulation
n = number density
nqk = number density in the qth cell during the kth interval
p = pressure
s = mean center-to-centerdistance between particles
s=d = spacing ratio
T = temperature
t = time
Nt = nondimensional time, t=.¸=cmp/
u; v; w = velocity components in x; y; z directions, respectively
x; y; z = Cartesian coordinates
° = speci� c heat ratio, 5

3 for hard sphere molecules
1 = shock thickness from the maximum slope de� nition
±ti = time occupancy of the i th particle
¸ = mean free path
¹ = viscosity coef� cient
½ = density
¿ = total time

Subscripts

m = measured
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p = piston
r = reference
s = shock
1 = low-pressure region
2 = high-pressure region

I. Introduction

T HE calculation of the structure of a shock wave is an old,
traditional problem that has played an important role in the

development of � uid mechanics and in the development of kinetic
theory computations. Early investigations used the Navier–Stokes
equationwith constantcoef� cientsof heat conductionand viscosity.
These includedthe works of Rankine,1 Lord Rayleigh,2 and Taylor.3

Rankine’s work gave a solution for shock thicknessconsideringheat
conduction but not viscosity, whereas Taylor’s solution considered
viscosity but not heat conduction. Taylor also gave an explicit for-
mula for weak shocks, which included the effects of both viscosity
and heat conduction. Essential results of these early works are that
the shock thickness decreases with increasing Mach number and
that the thickness is of the order of a mean free path in the region
upstream of the shock. More re� ned solutions of the Navier–Stokes
equations were obtained by Becker4 and by Thomas5 but only for
shocks below Mach number 2. A proof of the existence and unique-
ness of the solution for a steady one-dimensional � ow with small
viscosity and heat conductivitywas given by Gilbarg.6 Von Mises7

gave a simple method of estimating the upper and lower bounds
of the shock thickness in a perfect gas. Departing from the Navier–
Stokesequation,Zoller8 obtaineda solutionto theBurnettequations,
and early kinetic theory estimates included the Chapman–Enskog–

Burnett iterationmethod9 and the Grad10 ;1113-moment method. All
of the works just cited were for weak shocks. The Mott-Smith12

bimodal model, which treats the distribution function in the shock
region as a linear combination of the distribution functions for the
upstreamanddownstreamgasesaddedto satisfylow-ordermoments
of the Boltzmann equation,was probably the � rst kinetic theory ap-
proach to enable computations for strong shocks. A thoroughgoing
reworking of the Navier–Stokes approach was done by Gilbarg and
Paolucci,13 and extensions of the Mott-Smith approach were given
by Radin and Mintzer,14 who used the bimodal distribution to gen-
erate an orthogonal polynomial expansion solution, and by Rode
and Tanenbaum,15 who generalized the computation by examining
the effect of satisfying a higher-ordermoment rather than one of the
lower-ordermoments. An entirely differentkinetic theory approach
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was initiated by Bird16;17 with his direct simulation Monte Carlo
method (DSMC); these computationsnot only provided shock pro-
� les but also enabled the energy contributions of axial and lateral
motions to be determined separately, showing the existence of a
peak in axial temperature within the shock wave for strong shocks.
Molecular dynamics (MD) has been used to obtain shock structure
in liquids and in solids, for example, by Tsai and Trevino18 and
by Hoover,19 but it appears that the only previous attempt to study
the shock structure in a gas using MD was the exploratory work of
Niki and Ono,20 using only 135 hard sphere particles and achieving
limited results.

The present work was designed to generate shock structure us-
ing MD, in a manner that avoids statistical boundary conditions. It
is intended as an important test case of the application of MD in
� uid mechanical problems. It was especially intended to perform
the computations using boundary conditions that do not impose
any featuresof the � ow other than the main shock-wave-generating
mechanism. Therefore, these computations were performed using
only elastic collisions, including molecular collisions with bound-
aries, and, consequently,with no imposed dissipative mechanisms.
For the purpose of avoiding statistical boundary conditions, an un-
steady problem is formulated, the shock wave generated by a piston
moving into a gas with an initially zero mean velocity. A similar
computation, using DSMC, was made by Bird,21 presenting con-
tours of properties.As comparedwith the stationaryshock problem,
the moving shock problem allows cleaner boundary conditions,but
the extraction of information from the raw computational data is
more complicated.

The computationswere performedas a part of the doctoraldisser-
tation of Woo.22 Portions of this work were presented previously,23

along with a computer movie made from the results; stills from the
movie have been published elsewhere.24

II. Computational Method
The basic model and coordinatesystem are shown in Fig. 1. A set

of spheres of equal diameter is located randomly within a circular
tube. One desires a small number of spheres to keep down com-
putational time and storage but a large number for a high-quality
simulation. One tends to expect that an inordinately large number
of particles might be needed to perform computations that provide
satisfactory results for a gas. Fortunately, this is not so. Greber and
Wachman25 have shown that remarkablysmall numbers of particles
are suf� cient and that one can estimate the particle density in the
simulationthat is needed to achievedesired levelsof agreementwith
gas behavior. The basic idea is that if the ratio of the distance be-
tweenparticlecentersto the diameterof particlesis suf� cientlylarge
then this ratio is no longer an important scaling parameter and that
the Knudsen number, the ratio of mean free path to a characteristic
length, becomes the suf� cient gas length parameter to achieve ap-
proximate dynamic similarity. The spacing ratio then does not have
to mimic the gas spacingratio but merely be suf� ciently large so that
increases in spacing ratio do not signi� cantly affect the nondimen-
sional results. As for the geometry, the tube must be long enough,
in units of mean free path, for full shock development and adequate
data collection, and the tube diameter must be large enough so that
the results do not depend on that diameter. The choices made are
different at the several Mach numbers. To understandthe geometric
selection, � rst observe that the Maxwell mean free path is given by

¸ D 1

¼
p

2nd2
.1/

Fig. 1 Piston-driven shock wave and coordinate system.

Table 1 Geometric parameters of computation

M s0=d d=¸0 ¸0=D L=¸0 N

1.5 3.59 0.096 0.56 54 3000
3 4.33 0.055 0.81 49 4000
10 4.72 0.042 0.97 41 4000

From this, for a given number of particles N and a given tube length
L , the tube-to-particlediameter ratio is given by

D

d
D 4

p
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1
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.2/

The ratio of the tube diameter to the mean free path is given by
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In Eqs. (2) and (3) the subscript 1 denotes conditions in the undis-
turbed gas, and the unsubscripted s and ¸ can refer to either the
undisturbed or compressed gas. If the length ratio L=¸1, the com-
pressed gas spacing ratio s2=d, and the number of particles N are
� xed, then the Knudsen number of the compressedgas, ¸2=D, is de-
termined independentlyof the Mach numberof the shock.However,
the Knudsen number of the undisturbed gas, ¸1=D, then increases
with increasingMach numberbecauseof the decreasingratio of up-
stream to downstream density across the shock wave. Correspond-
ingly, the tube aspect ratio L=D would increase with increasing
Mach number. In the current work s2=d was held � xed at a value of
3; the remaining choices and geometric consequencesare shown in
Table 1. The selections were such that the Knudsen number of the
undisturbed gas was never greater than unity.

The spheres are given initial velocities such that each Cartesian
component of velocity is selected randomly within a Maxwellian
distribution of velocities. For the purpose of this selection, the
Maxwellian distribution is cut off at §3 times the most probable
speed. This cutoff captures 0.99998 of the integrated Maxwellian
distribution.

The piston starts moving at the beginning of the simulation and
continues to move at constant speed. A natural piston speed param-
eter would be the ratio of the piston speed to the most probable
speed of the Maxwellian distribution of the undisturbed gas. Here,
however, piston speeds were selected to correspond to theoretical
shock Mach numbers of 1.5, 3, and 10, for the purpose of compar-
ing the current results with published results using other methods.
Using the shock jump relations in terms of the pressure ratio across
the shock, the relationshipbetween the shock Mach number and the
piston Mach number, where each Mach number is de� ned as the
ratio of the speed to the sonic speed of the undisturbedgas, is given
parametrically by

M2
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where ° is the speci� c heat ratio (5/3 for monatomic gases) and p1

and p2 are the pressures on the low- and high-pressure sides of the
shock wave, respectively.The speed of sound is related to the most
probable speed by

a D ° =2 cmp .6/

Consequently, the piston speed ratio is related to the shock Mach
number by

u p

cmp
D

.2° /
3
2 M2

1 ¡ 1

.° C 1/M1
.7/

The particles are taken as rigid elastic spheres. Consequently,
the particles move in straight lines at constant speed between in-
stantaneouscollisions.Collision occurs when the distance between
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particlecentersis the sum of theparticleradii.This yieldsa quadratic
equationin time for particle–particlecollisionsand a linear equation
for particle–boundarycollisions.The time to collide is computedfor
each pair, which can be a pair of particlesor a particle and a bound-
ary. A row-by-row search is made to � nd the � rst collision among
all possible collision pairs. The outcome of that collision is deter-
mined by the dynamics of elastic collisions. The time to collide is
then updated for any pair that has the current colliding pair as its
member.

All collisions are taken as elastic, both particle–particle and
particle–boundary. Only binary collisions are allowed. The simu-
lation treats a simultaneous collision of three or more particles as
sequentialbinary collisions.The outcomeof a multiparticleinterac-
tion, in general,will be differentfrom the sequentialbinarycollision
treatment; it is anticipated, however, that the multiparticle interac-
tion is a rare event.

III. Postprocessing of Data
The simulationdescribedmoves forward in time collisionby col-

lision rather than by speci� c time increments. After each collision
the new velocities of particles that have just collided are written to
an output � le, which is then used to extract spatial and other in-
formation after the simulation is completed. Although the data sets
generated are large, this separation of the dynamical process from
the extractionof informationhas the advantageof being much faster
than simultaneous processing, in our experience by about a factor
of four. In addition, it allows the computation to be continued at a
later date or for additional information to be extracted. The most
time-consuming feature of the computational process is the com-
putation of a new time to collide after each collision. For a system
of N particles this requires the solution of N .N ¡ 1/=2 quadratic
equationsfor the particle-to-particlecollisions,2N linear equations
for the particle-to-two-end-wall collisions, and N quadratic equa-
tions for the particle-to-lateral-boundary collisions. However, we
do not need to recompute the time to collide for particle pairs other
than those involving one of the participants in the current collision.
This reducesthe time-to-collidecomputationsto 2.N ¡ 2/ quadratic
equations for the particle-to-particle collisions plus 4 linear equa-
tions plus 2 quadraticequationsfor the boundarycollisions.Clearly,
onlyhalf thisnumberofcomputationsis neededaftera collisionwith
a boundary because only one particle is involved in the collision.

For the purpose of data collection, the computational region is
divided into cells of equal width, which lie perpendicularly to the
tube axis. The multiplicity of cells is roughly analogousto multiple
measuring stations in a shock tube experiment. The location of a
sphere is regarded as the location of its center. The center cannot
be located closer than one radius from the contactingboundary; the
region that can be occupied by particle centers de� nes the compu-
tational volume. The width of the cells is selected as one upstream
mean free path. This size is selected primarily to allow direct com-
parison with DSMC results, obtained at corresponding resolution.
This is also a reasonable choice; although a smaller width would
yield apparently higher resolution, gas and � ow properties change
in spatial distances of the order of a mean free path, and so the in-
creased computing requirements associated with smaller cells may
not yield signi� cantly improved results.

In principle, information from any single cell can be used to
deduce shock pro� les, as is done in a shock tube experiment with a
singlemeasuring station.Here, however, short-time-averagevalues,
i.e., time taken for the piston to move the distance of one mean free
path, taken simultaneouslyover all of the cells, are used to represent
instantaneousvalues and to provide a snapshotof the distributionof
density and other properties. Values from the several cells are also
combined to form composite pro� les, providinga richer data set for
� nal pro� les.

Consider the density. The time-average density is de� ned as the
total time of occupancyof particles in the region dividedby the time
of observationand the volume of the region. For a cell q and a time
interval ¿ at a time tk , this instantaneousnumber density is given by

nqk D 1
N .volume/

i ±ti

¿ qk

.8/

where ±ti is the time interval that a particle i spends in the cell
during the period ¿ . When these averages are performed over a
set of values tk , the result is an array describing the density as a
function of longitudinal location x and time. This array allows the
constructionof constantdensity contours in a space– time plot. This
is done with the aid of a standard interpolation scheme, commer-
cially implemented.26 In this scheme a value of density at point x; t
is estimated, and the procedure � nds values of the number density
at a set of nearest neighborsto the selectedpoint,which are found in
a search procedure.The value � nally chosen is a weighted average
of the values at the neighbors,weighted in proportion to the inverse
of the square of the distance in x; t space from the selected location.

From these constant density pro� les, which will be discussed in
detail later, one observes that the shock wave travels at a constant
speed, close to the theoretical continuumvalue. This feature is used
to form composite n-vs-x pro� les from the instantaneous values.
The pro� les at all times can be shifted to a common x location
using the Galilean transformation

x D xm ¡ us.tm ¡ tr / .9/

where x is the effective location, xm and tm are the measured values,
us is the shock speed, and tr is the common reference time, for
example, the time of the � rst snapshot. After the shift, the x values
are relocated to the centers of the bins at the shifted locations.

Corresponding snapshot values and composite pro� les are ob-
tained for the mean velocity components and the kinetic energy
of thermal motion, which yields the temperature. For any kth set,
the mean velocity is de� ned as the sum of velocities divided by the
numberof particlesobservedin the regionduringan intervalof time:

u D 1
N

N

i D 1

u i .10/

The thermal energy is the kinetic energy associated with the devia-
tion of the velocity from the mean value. This is given by

E D .1=2/mhc2i D .3=2/kT .11/

IV. Computational Errors
Final runs were performedusing the Cray YMP C90 at the NASA

Ames ResearchCenter.The executionspeedwas 160 £106 � oating-
point operations per second, without any special effort to vectorize
the source code. A typical run using 4000 particles and 100,000
interactions required about 4 CPU hours to complete the dynamics
portion of the simulation, then about 400 CPU seconds to analyze
the output � les to produce � nal results.

Error in coordinates of the particle centers is the � rst concern.
The repeated process of updating the locationof particles can prop-
agate errors in location. This is an extremely signi� cant problem
because the algorithmuses the locations to compute collision times.
The existence of such errors becomes apparent only after extensive
testing. One way of circumventing the problem is to use an error
margin such that the absolute value of a location difference is com-
pared with a speci� ed error margin rather than with zero. Here the
error margin was set at 10¡15 times the tube diameter when geo-
metrical information was used to determine the time of a collision.
After collision with a boundary, the position of a particle was reset
using the known position of the computational boundary. Because
of this repositioning, the system is no longer strictly reversible.

V. Results and Discussion
A. Shock Development and Wave Speed

The development of the shock wave is shown in density contour
plots, presented in Fig. 2, for all three Mach numbers. Note that
the computationalconditions that yield these contours provide less
accuracythan the conditionsused for the � nal extractionof property
pro� les but neverthelessdisplayquite well the important featuresof
the shock wave development. One sees a traveling high-density re-
gion that constitutes the shock wave. This wave travels downstream
with a speed that is seen to be close to the theoretical speed corre-
sponding to an in� nitesimally thin shockwave. The re� ection of the
wave from the end wall is seen clearly; the re� ection has not been
examined quantitatively.
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Fig. 2 Equidensity contour plots.

Fig. 3 Composite pro� les of density.

For the purpose of examining the wave speed and its constancy,
composite pro� les of the density are shown in Fig. 3. These pro� les
have shifted the location using the Galilean transformation assum-
ing that the shock speed is the theoreticalvalue but have not further
reassigned the location within a cell. For a dynamically ideal sys-
tem, scatter would be the result of nonconstant shock speed; axial
shifting of the pro� les, and hence a wide band, would be the result
of an incorrect value of the shock speed. It is seen that the band is
narrow, the scatter is not large even in the poorest case at Mach 1.5,
and the theoretical density ratio is closely achieved. The essential
conclusion is that the shock wave is traveling downstream at close
to the theoretical wave speed. Numerical values for the scatter are
not given here because the � nal pro� les are based on more accurate
computations.

B. Property Pro� les
Figure 4 shows density pro� les obtained from the compositepro-

� les described in the “Postprocessingof Data” section.The stream-
wise origin of coordinates is taken as the value corresponding to
the midpoint of the density variation. The same origin is later used
for the velocity and temperature pro� les. The density pro� les are
monotonic and smooth, the density jumps are within 1.0% of the
Rankine–Hugoniot values for Mach 1.5 and 3, and there are indis-
tinguishable differences for Mach 10. For comparison, also shown
are pro� les obtained by Barnhart (personal communication) using
DSMC in a stationary shock computation, following the procedure
given by Bird.27 The Barnhart and Bird pro� les appear identical;
the recomputation was done to provide accurate numerical values
for the comparison, rather than reading results from a published
graph.27 One sees that the MD and DSMC pro� les are quite similar,
with the MD results having a slightly sharper pro� le.

Table 2 Peak values in axial temperature

M MD DSMC Yen29

1.5 1.51 1.50 1.51
3 4.24 4.13 4.27
10 41.40 40 42.2

Table 3 Shock thickness comparison

M MD DSMC Navier–Stokes Mott-Smith,12 u2 Mott-Smith,12 u3

1.5 7.9 9.2 6.1 7.1 7.7
3 4.3 5.8 2.3 2.9 2.5
10 3.7 5.1 »1 2.2 1.7

Figure 5 shows thevelocitypro� les, alongwith theDSMC results.
The DSMC results are shown as continuous curves, although the
values are really discrete, so as not to obscure the discrete MD
results.The velocitypro� les are essentiallythe inverseof thedensity
pro� les, although they were computed separately; the description
of the density pro� les also applies to the velocity pro� les.

The moleculardynamicscomputationsallowcollectionof energy
corresponding to the three perpendiculardirections of thermal mo-
tion. Thus, one can obtain an axial and two lateral components of
temperature. Figure 6 shows the axial component of temperature,
alongwith DSMC results shown as continuouscurves.One sees that
the axial temperature exhibits a peak within the shock wave. This
peak is also found in the DSMC results, the theoretical results of
Yen,28 and experimentalresults.29 The MD, DSMC, and Yen’s com-
putations give values close to each other; the peak values are given
in Table 2. One sees that the spread of peak values is about 3%, a re-
markably close agreement inasmuch as the peak values themselves
are dif� cult to obtain in the numerical MD and DSMC computa-
tions. Figure 7 shows the lateral components of temperature. The
two lateral componentsare close to each other, as one would expect,
and do not display peaks. Figure 8 shows the overall temperature,
obtained by adding the energies of the three components. Despite
the peak in the axial temperature, the overall temperature behaves
monotonically. As with the density and velocity pro� les, the MD
and DSMC temperature pro� les are close to each other, with the
MD pro� le being slightly sharper. Note that the temperature distri-
bution rises upstreamof the density distributionin both the MD and
DSMC computations.

C. Shock Thickness
As is traditional, the shock thickness is de� ned as the distance

between interceptsof the maximum slopeof the density distribution
with the upper and lower values. Normalizing the thickness by the
upstream mean free path, the de� nition becomes

1 D
n2 ¡ n1

.dn=dx/max
.12/

Shock thickness obtained from MD, DSMC, Navier–Stokes, and
Mott-Smith12 computationsare plotted in Fig. 9, and numerical val-
ues are shown in Table 3. All of the computations show decreasing
shock thickness with increasing Mach number. At any given Mach
number, the several computations show increasing shock thick-
ness in the following order: Navier–Stokes, Mott-Smith, MD, and
DSMC.

D. Effects of Modifying ComputationalRegion
Several tests were made to examine the effects of decreasing the

lateral dimension of the computational region (a smaller tube and,
consequently, a larger Knudsen number). Figures 10a–10c show
the results of a test at Mach number 1.5, selected because this
is an extreme condition for this test. Figure 10a corresponds to
the density results already described. Figure 10b is for a higher
Knudsen number, unity instead of 0.5. One sees that the scatter is
very much greater at the higher Knudsen number. Figure 10c shows
the smoothedresults forboth Knudsennumbers,using the averaging
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Fig. 4 Density pro� les.

Fig. 5 Streamwise velocity pro� les.

Fig. 6 Axial temperature pro� les.

Fig. 7 Lateral components of temperature.
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Fig. 8 Overall temperatures.

Fig. 9 Shock thickness comparison.

Fig. 10 Effect of Knudsen number on shock thickness.

Fig. 11 Effect of tube length on asymptotic behavior.

describedearlier.One sees that these averagedresultsare quite close
for the two cases, despite the very great scatter in the high-Knudsen-
number results.

Tests were also made to examine the effect of tube length on
the results. Figure 11a shows density pro� les at Mach number 10,
and Fig. 11b shows temperature pro� les at Mach number 3, each
for tubes of different lengths. One sees that the upstream region
is essentially the same for the shorter and longer tubes but that the
downstreamvaluesdonot reachthe asymptoticlimitwith the shorter
tube.The tube must be long enough to allow full developmentof the
downstreamportionof the pro� les. This must be examined for each
property. At Mach number 10, the critical property was the density,
whereas at Mach number 3, it was the temperature. It appears that

the appropriate length for full development can be found only by
numerical experiment.

V. Conclusions
The computational results provide an important test of the capa-

bilities of MD in � uid � ow applications. We reemphasize that the
shock speed, shock pro� les, and property jump values are obtained
without applying boundary conditions on these values or using any
statistical information. The numerical results are close to those ob-
tained using DSMC in a stationaryshock formulation,with the MD
results displaying slightly sharper shocks. The results also provide
a data set from which further questions about the � ow behavior can
be examined.
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